To obtain high-quality results from lattice QCD, it is important to use operators that produce good signals for the quantities of interest. Free-form smearing is a powerful tool that helps to accomplish that goal. The present work introduces a new implementation of free-form smearing that maintains its usefulness and reduces its computational time dramatically. Applications to the mass spectrum of B, B s , B c and bottomonium mesons show the effectiveness of the method.
I. INTRODUCTION
In the usual Lagrangian formulation of lattice quantum chromodynamics (QCD) physical quantities are extracted from Euclidean-time correlation functions of operators which serve as interpolating fields for the states of interest. In general, many states contribute to a given correlation function. Contemporary applications of lattice QCD carried out to study radial and orbital excitations of hadrons can benefit from methods that can enhance signals in a correlation function from particular states selectively. This is what free-form smearing aims to do.
A common approach to operator building is to begin with a gauge-invariant operator defined at a single lattice site (or a small number of sites) that has the desired J P C quantum numbers, and then to smear that operator spatially through an iterative Gaussian function [1] [2] [3] . At the time this method was developed the goal was to suppress excited-state contributions to the correlation functions. As pointed out in Ref. [4] , this approach can require many iterations, especially on fine lattices, and the resulting operator is typically not Gaussian shaped. This led the authors of Ref. [4] to propose a method called free-form smearing, which can produce a gauge-invariant operator of any desired shape. The new method still uses an iterative Gaussian approach but combines it with a reweighting formula involving a function that the user can choose arbitrarily. This allows one to enhance or reduce the contribution of particular states to the correlation function. Analyzing simultaneously correlators constructed from operators with different free-form smearing profiles allows for a more reliable separation of contributions of different states. At present, free-form smearing is practical at the source and not at the sink, but it still provides a clear improvement over traditional Gaussian smearing, as will be demonstrated in the present work.
Our implementation of free-form smearing differs from that of Ref. [4] by avoiding the iterative Gaussian step entirely. On an L 3 × T lattice, this provides a speedup of order L.
This version of free-form smearing is introduced in Sec. II.
For a demonstration of the power of free-form smearing for physical quantities, the remainder of this paper presents a study of meson masses containing at least one bottom quark. Section III explains how free-form smeared operators are built in lattice nonrelativistic QCD (NRQCD), using hydrogen-like wave-function shapes to target radial excitations and orbital excitations in addition to the ground state. Section IV provides details about the ensemble of configurations, about the NRQCD action for bottom quarks, and about the relativistic actions used for up/down, strange and charm quarks.
The masses and mass splittings obtained for the bottomonium spectrum are presented in Sec. V, including some states that have not yet been observed experimentally nor in previous lattice studies. The B, B s and B c mesons are discussed in Sec. VI, where the B c spectrum in particular provides predictions for upcoming experiments. Previous lattice studies have considered some systematic effects that cannot be addressed in the present work and therefore provide a valuable context, so we make direct comparisons where possible. In particular, lattice studies of the bottomonium spectrum can be found in Refs. [5] [6] [7] [8] [9] [10] [11] [12] [13] and lattice studies of bottom mesons appear in Refs. [14] [15] [16] [17] [18] [19] [20] [21] .
II. FREE-FORM SMEARING
Quark smearing is a technique used frequently in lattice QCD spectroscopy to improve the signal obtained from correlation functions. The general idea is to smear the quark fields until they form an operator that resembles the wave function of the desired bound state.
One popular method [1] [2] [3] is to smear the quark field into a Gaussian shape by iteratively applying the discrete gauge-covariant Laplacian operator ∆ as given bỹ
where n is the number of iterations and α is the smearing parameter. Note that the field is only smeared in the spatial directions and not the temporal direction. This approach is straightforward to implement, improves the ground-state signal, and suppresses excited states.
Another smearing method that is commonly used in lattice NRQCD is to fix the gauge links to Coulomb gauge and explicitly give the quark field an arbitrary shape [5] using the
One can tune the function f (x − y) to obtain optimal signals not only for the ground state, but for excited states as well. By choosing a shape that closely matches the wave function of an excited state, the ground state can be suppressed and a cleaner excited-state signal obtained. The convolution can be efficiently implemented by a fast Fourier transform, and gauge fixing is required because Eq. (2) is not gauge invariant.
Free-form smearing [4] combines the advantages of the previous methods. It allows the quark field to be smeared to an arbitrary shape while retaining gauge invariance, without the need for gauge fixing. Free-form smearing was initially applied to relativistic quarks, but we apply it for the first time to nonrelativistic heavy quarks. In our initial study of free-form smearing applied to bottomonium, a reduction in statistical errors relative to the gauge-fixed method was observed [13] .
In the original implementation of free-form smearing [4] , the quark field ψ(x) at a single lattice site x was Gaussian smeared as in Eq.
(1) so that gauge links reach from site x to all other spatial sites on a given time slice. The free-form smeared field is given by the reweighting formulaψ
where f (x − y) is an arbitrary function,ψ x (y) is the component of a Gaussian smeared field which gauge transforms at x with the quark field ψ located at y, and ψ x (y) is the ensemble average of the norm of the Gaussian smeared field. The norm is defined by
where the trace is over spin and color indices. Note that the Gaussian smeared fieldψ(x) in Eq. (1) is obtained fromψ x (y) by summing over y. Any number of free-form smeared fieldsψ(x) can be generated by reusing the same fieldψ x (y) and choosing a different shape
Free-form smearing is fairly insensitive to the Gaussian smearing parameters α and n.
The parameter n should be chosen large enough so that gauge links reach every spatial lattice site, and α must be chosen so that burden for the original implementation of free-form smearing.
A much more computationally efficient alternative to the Gaussian version of free-form smearing is to replace the initial step (1) by minimal paths, that is, the shortest paths along links from one lattice site to all other spatial sites. Recall that Gaussian smearing generates many link paths from one site to all other spatial sites, but that the links are also multiplied by a factor α/n which must be less than 1/6. Therefore, since the Gaussian method multiplies the links by a small factor, the shortest paths tend to dominate.
The new free-form link algorithm starts at a site x and multiplies links outward to all nearest neighbors, and then to all next-nearest outward neighbors, as illustrated in Fig. 1 .
Paths along different links that lead to the same site are added together, thus resulting in a sum of minimal paths. This continues until all spatial sites have been reached and every link has been multiplied exactly once. The result is all minimal paths from the original site x to all other spatial sites y,ψ In the present work, stout-link smearing is used with parameters ρ = 0.15 and n ρ = 10 as defined in Ref. [22] . Therefore, our minimal-path method actually uses the shortest path of stout links, which effectively contains longer link paths as well. Link smearing is useful in reducing some excited-state contamination, although the most significant improvements for the present work are made by careful selection of the smearing shape f (x − y). For the present study, smearing the field over the whole spatial volume is appropriate since the volume is not very much larger than the hadron size. This also conforms to the way Gaussian smearing, wave-function smearing and the original free-form smearing have been done in the past [1] [2] [3] [4] [5] .
III. LATTICE OPERATORS
For this study, smearing is applied to the bottom quark, leaving the antiquark unsmeared.
This is expedient because the bottom-quark propagator is obtained from lattice NRQCD and is less computationally expensive than the relativistic propagators for the up/down, strange and charm quarks. For bottomonium, the resulting wave function places an anti-bottom quark at the origin surrounded by a bottom quark. For bottom mesons, an anti-up/down, anti-strange or anti-charm quark is surrounded by a bottom quark. A physically intuitive picture would instead place the center of mass at the origin but, since we take a zeromomentum projection of the meson, the location of the center of mass is irrelevant; only the distance between the quark and antiquark matters.
Hydrogen-like (i.e. Coulomb potential) wave-function shapes have been used successfully within the gauge-fixed smearing method in lattice NRQCD [5] and we use them here with free-form smearing as well. Different shapes are used depending on the intended orbital angular momentum, and nodes are included to optimize the operator for radial excitations.
Here is a list of the basic smearing shapes used in this paper:
D-wave:
wherex i is defined to be periodic, but r is simply defined as the shortest distance between sites x and y in a periodic box:
The radius and nodal parameters (a 0 , b, c) are tuned to optimize the signal of the groundstate or radial excitations. Free-form smeared operators are built according to
where ψ is the quark, χ is the antiquark and Ω f (x−y) is the free-form operator. Table I lists all operators used in this paper by their lattice irreducible representations and continuum quantum numbers. It provides a thorough coverage of quantum numbers for S, P and D waves plus five operators that offer the simplest exploration of some of the F and G waves.
As explained in Ref. [11] , additional F and G operators would duplicate some of the Λ P C quantum numbers that already exist in this table, so they are omitted here. Sink operators are unsmeared and are given by the covariant derivative operators listed in Tables II and   III of Ref. [11] .
The optimized free-form smearing parameters corresponding to Eqs. (6)-(10) used in this study are given in Table II . The parameters (a 0 , b, c) are tuned by hand to optimize the signal in a correlation function for the ground state, the first excited state and, for bottomonium S waves, the second excited state. These optimizations improve the accuracy and precision of the spectrum. The effective mass plots shown in Figs. 3 and 4 demonstrate the effectiveness of free-form smearing to obtain clean signals for ground states and excited states. Figure 3 shows that the plateau begins at small Euclidean times for a bottomonium D-wave ground state and for the first radial excitation. In particular, note that the effective mass for the first radial excitation shows no contamination from the ground state. Similarly, Fig. 4 shows small-time plateaus for B c meson S-wave, P-wave and D-wave ground states.
Free-form smearing shrinks the contamination from unwanted states, thereby emphasizing the one state of interest, but it does not eliminate the contamination entirely. Different choices for the smearing parameters can be used to emphasize each state separately, and (6)- (10). Column 2 shows only the J value that is expected to dominate in each case; for other possible J values see Table I of Ref. [11] .
then a simultaneous fit to several correlation functions will be stable and reliable. For the present work, nonoptimized correlation functions are also included in the multistate fits and they further stabilize the results. For bottomonium, the nonoptimized correlators are calculated using unsmeared operators as given in Tables II and III of [11] . For B, B s and B c ground-state profiles, small radial parameters a 0 = 0.5 or a 0 = 1.0 are used as the nonoptimized choices.
Chronologically, the calculation for B c was started before we had developed the minimalpath method, so it uses the Gaussian version of free-form smearing with parameters n = 64
and α = 0.15 from Eq. (1). The minimal-path method of free-form smearing is used for all B, B s and bottomonium calculations. Throughout this work, stout links with parameters 
IV. SIMULATION DETAILS
An N f = 2 + 1 gauge field ensemble from the PACS-CS Collaboration [23] was used for this study. The action contains an Iwasaki gauge term and clover-improved Wilson fermions.
The lattice dimensions are 32 3 × 64 and the lattice spacing a PACS−CS = 0.0907 (13) fm (14) was determined by the PACS-CS Collaboration [23] using the experimental π, K and Ω masses. The pion mass is near physical at m π = 156(7) MeV. At (m K ) orig = 554(8) MeV, the kaon mass is larger than its physical value so, to account for this, a partially quenched strange quark is used in this study as was done in Ref. [24] where the valence strange quark was retuned to match the physical φ mass, giving a kaon mass of m K = 504(7) MeV.
The charm quark parameters are taken from Ref. [24] where they were tuned using the Fermilab interpretation. The parameters for the relativistic quarks are given in Table III . The propagators for the relativistic valence quarks (u/d, s, c) are calculated using the sap gcr solver from the DD-HMC code made available by Martin Lüscher [25] [26] [27] .
The bottom quark is implemented using lattice NRQCD, including terms up to O(v 4 )
in the bottom-quark velocity, which corresponds to c i = 1 for 1 ≤ i ≤ 6 and c i = 0 for i ≥ 7 according to the notation of the Appendix in Ref. [28] . Following Ref. [11] , the bare mass of the bottom quark (M b = 1.95) is taken from fitting the kinetic mass of the Υ to its experimental value, the tadpole factor is set to the average link in Landau gauge (u L = 0.8463), and the stability parameter is chosen to be n = 4.
The calculation of correlation functions for bottom mesons with a nonrelativistic bottom quark requires some additional care with regard to the contraction of spin indices. Our choice for Dirac γ matrices is Simulating multiple sources on a given configuration can reduce statistical errors. A random U(1) wall source imitates multiple sources at different spatial sites on a given time slice without the need to calculate many propagators. While it is easily implemented using the conventional smearing methods given by Eqs. (1) and (2), a free-form smeared random wall source is computationally expensive because every site x must be smeared independently and summed according to the formulã The simulation energies are extracted by a simultaneous multiexponential fit to multiple free-form smeared correlation functions of the form
where E n is the fit parameter for the energy of the nth state. Each Λ P C channel from Table   I is fit separately. The fits are done to correlation functions with free-form smeared source operators as described in Eqs. (6)- (10) and Tables I and II . For bottomonium, unsmeared source operators are used as well. All fits exclude the source time step at t = 0, and are typically truncated at t = 15 or t = 23 because the signal is lost in noise for larger Euclidean times.
V. BOTTOMONIUM SPECTRUM
For bottomonium, the S-wave correlator is fitted to six exponentials, where the lightest three energies are identified as the ground state, first radial excitation and second radial excitation. The other exponentials are collectively able to account for higher excitations but we do not interpret them individually as the physical states.
For the P waves and D waves, separate fits are performed to extract the ground states and first excited states. The F-wave bottomonium state 3 F 3 is fit with four exponentials to three correlation functions: unsmeared, free-form smeared with a 0 = 3.0, and free-form smeared with a 0 = 4.0. To obtain a reliable result, 1 F 3A 2 is fit with four exponentials to the unsmeared and a 0 = 3.0 free-form smeared correlation functions, and 1 F 3T 2 is fit with three exponentials to the a 0 = 3.0 and a 0 = 4.0 free-form smeared correlation functions. The bottomonium G-wave ground states are obtained from four exponential fits to three correlations functions:
unsmeared, free-form smeared with a 0 = 4.0 and free-form smeared with a 0 = 5.0. Even for these higher orbital angular momenta, the hydrogen-like smearing profiles from Eqs. (9) and (10) produced significantly better ground-state signals than Gaussian smearing.
Since the bottom-quark mass is fixed by tuning the kinetic mass of the Υ to its physical (9) value [11] , the absolute masses of the bottomonium spectrum are calculated from
Using the lattice spacing scale given in Ref. [23] , the masses of the 2S, 1P , 2P and 1D bottomonia are all systematically smaller than the experimental values by a significant amount, as shown in Table IV . However, ratios of differences having the 1S mass subtracted from the 2S, 1P and 1D masses agree with experiment, which suggests using the bottomonium spectrum to set the scale. A new lattice spacing is defined using the spin-averaged 1P − 1S mass splitting
which is 4.0% smaller than the PACS-CS value from Eq. (14) . Reference [24] noted that other methods find a lattice spacing that is up to 4.4% larger than the PACS-CS value for this ensemble.
The lattice spacing reported in Ref. [23] was obtained from the light quark hadron spectrum, which is less relevant for the case of bottomonium. Therefore, we use Eq. (19) to set the scale for the bottomonium spectrum. Even after using the scale from Eq. (19), the 2P masses remain systematically smaller than experiment. This cannot be due to contamination from higher excited states because that would cause the 2P masses to be larger, not smaller. Table VII. discrepancy. In principle, the bottom-quark mass should also be retuned using this new lattice spacing. At present, we simply note that setting the scale with physics relevant to the bottom quark increases the accuracy of the bottomonium spectrum.
The entire bottomonium spectrum below the BB threshold [with the exception of the 3P states, where the experimental value of χ b1 (3P ) is just below the BB threshold [29] ] is shown in Fig. 5 , as extracted using chi-squared fits of free-form smeared correlation functions. For spin-2 and spin-3 states, where results for more than one lattice irreducible representation Λ were calculated, the dimensional average of the simulation energies,
is our reported value for the mass. The grey bands show a combination of the statistical errors and a 4.0% systematic uncertainty in the lattice spacing, which come from discrepancies in the determination of the lattice spacing. Our work provides the first lattice result for the bottomonium D-wave radial excitations in all channels.
Precise spin splittings were obtained for 1S, 2S, 1P , 2P and 1D bottomonia, shown in Table V . The spin splittings in Table V (22) where, at tree level, the former is proportional to the NRQCD parameter c 2 4 while the latter is proportional to c 3 . For χ b2 (1P ) in Eqs. (21) and (22) the dimensional average of the E and T 2 lattice irreducible representations is used. Since our simulations only use tree-level coefficients where c 3 = c 4 = 1, the P-wave spin structure could be improved by tuning c 4 until Eq. (21) agrees with experiment. Reference [9] noted that increasing c 4 > 1 had the effect of decreasing the χ b0 (1P ) mass relative to the 1 3 P spin-averaged mass while doing little else.
The D-wave splittings have not yet been experimentally observed, but our results in Table V are smaller than the predictions given in Ref. [10] , also shown in Table V . Reference [10] proposed a method to reduce systematic effects from c 3 and c 4 dependence. When applied to our data, this method produces results that are consistent within statistical uncertainties with the simple difference shown in Table V .
VI. B, B s AND B c SPECTRUM
In contrast to the case of bottomonium, charge conjugation is not a helpful quantum number for bottom mesons. Whereas the 1 +− and 1 ++ operators in Table I couple to separate quarkonium states, those same two operators each couple to a mixture of heavylight meson states [32, 33] . The same is true for the 2 −+ and 2 −− operators.
In the nonrelativistic basis, the 1 +− and 1 ++ operators are distinguished by the presence of a Pauli matrix in the latter but not in the former. Terms in the NRQCD propagator [6] and Fig. 23 of HPQCD [9] . b Extracted from Ref. [10] .
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that contain a Pauli matrix are also proportional to an odd power of the quark momentum.
The cross correlator of a Pauli matrix operator with a non-Pauli matrix operator will be proportional to an odd power of momentum, and should be zero in the ensemble average because of spatial lattice symmetry. We verified that cross correlators of the 1 +− and 1 ++ operators for bottom mesons are statistically consistent with zero at all Euclidean times.
This confirms that the two operators are orthogonal, but it does not provide information on the mixing of the physical states within each operator. The same is true for the 2 −+ and 2 −− operators.
In practice the 1 +− and 1 ++ operators appear to plateau at different energies, given a limited extent in Euclidean time. Even though they should contain the same ground state, they have a mixing with an excited state that is very close in energy to the ground state.
They each have a different mixing with these two states, which can give the appearance of different ground states in a practical lattice study. These false ground-state signals would each be larger than the physical ground state and smaller than the physical excited state.
A multiexponential fit is unable to distinguish the two physical states given the precision of our data. An application of the variational method to a correlator matrix can separate these states (see, for example, Ref. [34] ), but that is beyond the scope of this project. We will state the results from both 1 + operators (and both 2 − operators), using a prime for the heavier of the pair, and acknowledge that there is an unresolved mixing. For bottom mesons, the additive NRQCD mass of Eq. (18) takes the form
and the lattice spacing from Eq. (19) is used. Absolute masses are not calculated for B c mesons. The absolute mass for a B c meson contains large discretization effects because the mass of the charm quark is large compared to our lattice cutoff, so absolute masses will not be studied in this work. Instead, we focus on mass differences among B c states because these are expected to be close to their physical values [24] .
The spectrum of B c mass differences with respect to the lightest B c state for 1S, 2S, 1P , 2P and 1D is shown in Fig. 6 . The J P = 0 − radially excited S-wave state agrees with a recent observation by the ATLAS Collaboration [35] . The spectrum of B s masses for 1S, 2S and 1P is shown in Fig. 7 . B s spin splittings are given in with two-meson operators and application of the variational method, which was done in
Ref. [19] , would be necessary to analyze the mixing and account for its effect.
Since the J P = 2 + state does not decay to BK via S wave, and the S-wave decay to B Table VIII. is suppressed for the J P = 1 + state with j = 3 2 [19, 36] , the two-meson decay must contain nonzero momentum. Therefore the finite-volume thresholds for these two states are higher than the continuum threshold. The same thing applies for the S-wave radial excitations, which are forbidden to decay to B ( * ) K by S wave. Given the minimum nonzero momentum for the lattice ensemble used in this study, the threshold is around 5. which included two-meson states explicitly, as shown in Table VI . This is another indication that including two-meson operators is a necessary step for obtaining reliable masses near and above threshold. (2) 29 (26) - 
The spectrum of B masses for 1S, 2S and 1P is shown in Fig. 8 . The LHCb Collaboration has evidence for two states B(5840) and B(5960) in the mass range consistent with B(2S) and B * (2S) [37] . The CDF Collaboration also has evidence for a state B(5970) in this energy range [38] . B spin splittings are given in Table VI Table IX. the B meson spectrum, like that done in Ref. [39] for the D meson P waves, would require the inclusion of two-meson operators.
VII. CONCLUSIONS
In this work, the use of free-form smearing has allowed a lattice study of several bottom mesons and bottomonium states. The method permits the user to build a source operator with any desired shape, and does not require gauge fixing. New to the present work is a Some states that were near or even above threshold are also calculated. These include the B and B s S-wave radial excitations and P-wave ground states, the B c P-wave radial excitations and the bottomonium G-wave ground states. Where mixing with meson scat-tering states may be important, a more complete analysis will be required to obtain robust predictions. This work, aimed at constructing correlation functions with good radial and orbital excitation signals, is a step in that direction.
The original free-form smearing [4] was considered unusable for sink smearing. The speedup obtained through our minimal-path implementation gets us closer to the possibility of sink smearing and is an avenue for further development which would make the technique more generally applicable. There are also possibilities to combine this with other ideas like the variational method. A specific application for further development is the calculation of matrix elements, such as in three-point functions where typically one uses a fixed source-sink separation. 
